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It is well known that entanglement under Lorentz boosts is highly dependent on the boost scenario
in question. For single particle states, a spin-momentum product state can be transformed into an
entangled state. However, entanglement is just one of the aspects that completely characterizes
a quantum system. The other two are known as the wave-particle duality. Although the entan-
glement entropy does not remain invariant under Lorentz boosts, and neither do the measures of
predictability and coherence, we show here that these three measures taken together, in a complete
complementarity relation (CCR), are Lorentz invariant. In addition, we explore relativist scenarios
for single and two particle states, which helps understand the exchange of these different aspects of a
quantum system under Lorentz boosts. For instance, by using discrete momentum states, we discuss
the fact that for a spin-momentum product state to be transformed into an entangled state, it needs
coherence between the momentum states. Otherwise, if the momentum state is completely pre-
dictable, the spin-momentum state remains separable, and the Lorentz boost will at most generate
superposition between the spin states.
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I. INTRODUCTION
Entanglement is one of the most intriguing characteristics that turns appart the quantum world from the classical
world. Its fundamental importance in quantum foundations [1, 2], together with its application in several areas, such
as quantum information and quantum computation [3–5], has made the entanglement theory achieve great progress
in recent decades. Moreover, there has been more and more interest in how entanglement behaves under relativistic
settings [6]. For instance, in [7], the author considered the relativistic version of the famous Einstein-Podolsky-Rosen
experiment with massive spin-1/2 particles. Czachor argued that the degree of violation of the Bell inequality is
dependent on the velocity of the particles, leading to implications for quantum cryptography. A few years later, the
authors in [8, 9] showed that the entanglement of Bell states depends on the velocity of an observer. On the other
hand, [10] argued that the entanglement fidelity of a Bell state remains invariant for a Lorentz boosted observer.
However, in the same year, it was demonstrated by Peres et al. [11] that the entropy of a single massive spin-1/2
particle does not remain invariant under Lorentz boosts. Thereafter the behavior of entanglement under Lorentz
boosts has been receiving a lot of attention by researchers [13–20].
As pointed out by Palge and Dunningham in [21], the main aspect to be noticed here is that many of these
apparently conflicting results involve systems containing different particle states and boost geometries. Therefore,
entanglement under Lorentz boosts is highly dependent on the boost scenario in question [22]. For single particle
states, a spin-momentum product state can be transformed into an entangled state. Beyond that, Lorentz boosts
can be regarded as controlled quantum operations where momentum plays the role of the control system, whereas
the spin can be taken as the target qubit, as argued in [17, 23]. This implies that Lorentz boosts perform non-local
transformations on single particle systems. As in [16, 18, 21], by using discrete momentum states, in this article we
discuss the fact that for a spin-momentum product state be transformed into a entangled state it needs coherence
between the momentum states. Otherwise, if the momentum state is completely predictable, the spin-momentum
state remains separable, and the Lorentz boost will at most generated superposition between the spin states, and
we state this fact as a theorem. This helps understand the result obtained by Peres, Scudo and Terno [11] for the
continuous case, once they used a Gaussian wave packet as a model for the momentum states. In addition, we
discuss similar results for the two-particle states under Lorentz boosts. As already noticed by [8, 21], the state and
entanglement changes of the different degrees of freedom depend considerably on the initial states involved, as well as
on the geometry of the boost scenario. Whereas some states and geometries leave the overall entanglement invariant,
others create entanglement.
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2Besides, it’s known that entanglement is just one of the aspects that completely characterizes a quanton [25]. The
other two, which also are intriguing characteristics that turns apart the quantum world from the classical world, are
known as the wave-particle duality. This distinguished aspect is generally captured, in a qualitative way, by Bohr’s
complementarity principle [24]. For instance, in the Mach-Zehnder interferometer or the double-slit interferometer,
the wave aspect is characterized by interference fringes, meanwhile the particle nature is given by the which-way infor-
mation of the path along the interferometer. A quantitative version of the wave-particle duality was first investigated
by Wooters and Zurek [59], and later captured by a complementarity inequality in [27, 28]
P 2 + V 2 ≤ 1, (1)
where P is the predictability and V is the visibility of the interference pattern. Recently, several steps have been taken
towards the quantification of the wave-particle duality, with the establishment of minimal and reasonable conditions
that visibility and predictability measures should satisfy [30, 31]. As well, with the development of the field of quantum
information, it was suggested that the quantum coherence [32] would be a good generalization of the visibility measure
[33–36]. Until now, many approaches were taken for quantifying the wave-particle properties of a quantum system
[37–41]. As pointed out by Qian et al. [42], complementarity relation like Eq. (1) do not really predict a balanced
exchange between P and V simply because the inequality permits a decrease of P and V together, or an increase
by both. It even allows the extreme case P = V = 0 to occur (neither wave or particle) while, in an experimental
setup, we still have a quanton on hands. Such a quanton can’t be nothing. Thus, one can see that something must
be missing from Eq. (1). As noticed by Jakob and Bergou [43], this lack of knowledge about the system is due to
entanglement, or, more generally, to quantum correlations [44]. This means that the information is being shared
with another system and this kind of quantum correlation can be seen as responsible for the loss of purity of each
subsystem such that, for pure maximally entangled states, it is not possible to obtain information about the local
properties of the subsystems. Hence, to completely quantify a quanton, one has also to regard its correlations with
other systems, such that the entire system is pure. In this paper, we study how these different aspects of a quanton
behave under Lorentz boosts. Even though entanglement entropy does not remain invariant under Lorentz boosts,
and neither do measures of predictability and coherence, we show that these three measures together, known as a
complete complementarity relation (CCR), are Lorentz invariant. In addition, we explore several relativistic scenarios
for single and two particle states, what helps in understanding the exchange of these different aspects of a quanton
under Lorentz boosts.
The organization of this article is as follows. In Sec. II, we discuss the representations of the Poincaré group in the
Hilbert space, as well as the Wigner’s little group, by focusing in spin-1/2 massive particles. In Sec. III, we obtain
complete complementarity relations for multipartite pure quantum system, and show that CCR are Lorentz invariant.
Thereafter, in Sec. IV, we turn to the study of the behavior of CCR in relativistic scenarios for several single and two
particle states. Lastly, in Sec. V, we give our conclusions.
II. REPRESENTATIONS OF THE POINCARÉ GROUP IN HILBERT SPACE
One of the fundamental questions when studying the relativistic formulation of the quantum theory is how quantum
states behave under Lorentz boosts. In the language of group theory, we are seeking to represent an element of the
Lorentz group by a unitary operator on the Hilbert space that the quantum states belongs to. More specifically, single
particle quantum states are classified by their transformation under the inhomogeneous Lorentz group, or Poincaré
group, which consists of homogeneous Lorentz transformations Λ and translations a [45]. For our discussion, we adopt
the following notation: greek indices run over the 4-spacetime coordinate labels {0, 1, 2, 3}; latin indices run over the
three spacial coordinates labels {1, 2, 3}; the Minkowski metric ηµν is diagonal with elements {−1, 1, 1, 1}; 4-vectors
are in un-boldfaced type while spacial vectors are represented by an arrow. For instance, the 4-momentum for a
particle with mass m is given by p = (p0, p1, p2, p3) = (p0, ~p), with norm p2 := pµpµ = ηµ,νpνpµ = −(p0)2 +~p2 = −m2,
where we use natural units, i.e., c = ~ = 1.
An inertial reference frame O is related to another inertial frame O′ via a Poincaré transformation
x′µ := T (Λ, a)xν = Λµνx
ν + aµ, (2)
with x = (x0, ~x) being the coordinates of O, and similarly for O′. Then T (Λ, a) induces a unitary transformation on
quantum states characterized by
|Ψ〉 → U(Λ, a) |Ψ〉 , (3)
which satisfies the same composition rule of T (Λ, a):
U(Λ1, a1)U(Λ2, a1) = U(Λ1Λ2,Λ1a2 + a1). (4)
3Single particle quantum states can be denoted by |p〉 ⊗ |σ〉 := |p, σ〉, where p labels the 4-momenta and σ labels the
spin for massive particles. The quantum states |p, σ〉 are eigenvectors of the momentum operator Pµ with eigenvalues
pµ, i.e., Pµ |p, σ〉 = pµ |p, σ〉. This correspond to a basis of plane waves and, thus, transforms under translations as
U(I, a) |p, σ〉 := U(a) |p, σ〉 = e−ipa |p, σ〉, where pa := pµxµ = pµxµ. Meanwhile, a general Lorentz boost Λ takes
the eigenvalue pµ → Λµνpν , and therefore U(Λ, 0) |p, σ〉 := U(Λ) |p, σ〉 must be a linear combination of all states with
momentum Λp, i.e.,
U(Λ) |p, σ〉 =
∑
λ
Dσ,λ(Λ, p) |Λp, λ〉 . (5)
As U(Λ) is a representation, it preserves the group structure, and imposes conditions on the values of Dσ,λ. To
see this, let’s recall that U(Λ) leaves p2 := pµpµ = ~p · ~p − E2 = −m2 and the sign of p0 = E unchanged for a
particle with mass m. Hence, we can use these two invariants to classify states into specific classes. For each value
of p2 and for each sign(p0), it’s possible to choose a ‘standard’ 4-momentum k that identifies a specific class of
quantum states [46]. For massive particles, we can fix the standard momentum k to be the particle’s momentum in
the rest frame, i.e., k = (m, 0, 0, 0). Then, any momenta p can be expressed in terms of the standard momentum, i.e.,
pµ = (L(p)k)µ = L(p)µνk
ν , where L(p) is a Lorentz transformation which depends on p and takes k → p. Therefore,
quantum states |p, σ〉 can be defined in terms of the standard momentum state |k, σ〉:
|p, σ〉 = U(L(p)) |k, σ〉 . (6)
Now, if we apply a Lorentz boost Λ on |p, σ〉, then
U(Λ) |p, σ〉 = U(Λ)U(L(p)) |k, σ〉 (7)
= U(I)U(ΛL(p)) |k, σ〉 (8)
= U(L(Λp)L−1(Λp))U(ΛL(p)) |k, σ〉 (9)
= U(L(Λp))U(L−1(Λp)ΛL(p)) |k, σ〉 (10)
= U(L(Λp))U(W (Λ, p)) |k, σ〉 , (11)
where W (Λ, p) = L−1(Λp)ΛL(p) is called Wigner rotation, which leaves the standard momentum k invariant, and
only acts on the internal degrees of freedom of |k, σ〉: k L−→ p Λ−→ Λp L
−1
−−−→ k. Hence, the final momentum in the rest
frame is different from the original one by a Wigner rotation, i.e., U(W (Λ, p)) |k, σ〉 = ∑λDσ,λ(W (Λ, p)) |k, λ〉. On
the other hand, U(L(Λp)) takes k → Λp without affecting the spin, by definition. Therefore,
U(Λ) |p, σ〉 = U(L(Λp))U(W (Λ, p)) |k, σ〉 (12)
= U(L(Λp))
∑
λ
Dσ,λ(W (Λ, p)) |k, λ〉 (13)
=
∑
λ
Dσ,λ(W (Λ, p)) |Λp, λ〉 . (14)
It’s worth mentioning that the subscripts in Dσ,λ(W (Λ, p)) is just to emphasize that in general U(Λ) generated
superposition of the states of the internal degrees of freedom, as the spin. Hence, Dσ,λ(W (Λ, p)) does not mean
an element of the Wigner rotation in a given basis. We could very well suppress the subscripts and write [21]
U(Λ) |p, σ〉 = |Λp〉 ⊗ D(W (Λ, p)) |σ〉, as sometimes we’ll do. The set of Wigner rotations forms a group known as
the little group, which is a subgroup of the Poincaré group [47]. In other words, under a Lorentz transformation Λ,
the momenta p goes to Λp, and the spin transform under the representation Dσ,λ of the little group W . For massive
particles, the little group is the well known group of rotations in three dimensions, SO(3). However, it’s also known
that SO(3) is homeomorphic to SU(2), and the irreducible unitary representations of SU(2) span a Hilbert space of
2j + 1 dimensions, with j = n/2, where n is an integer [48, 49]. The value of j is what we usually referred as the
spin of the massive particle. In this article, we will be interested in spin-1/2 particles, hence the representation of the
Wigner rotation is given by [50, 51]
D(W (Λ, p)) =
(p0 +m) cosh(ω/2)I2×2 + (~p · eˆ) sinh(ω/2)− i sinh(ω/2)~σ · (~p× eˆ)√
(p0 +m)((Λp)0 +m)
(15)
= cos
φ
2
I2×2 + i sin
φ
2
(~σ · nˆ), (16)
4with I2×2 being the identity matrix, meanwhile ~σ are the Pauli matrices, and
cos
φ
2
=
cosh(ω/2) cosh(α/2) + sinh(ω/2) sinh(α/2)(eˆ · pˆ)√
1
2 (1 + coshω coshα+ sinhω sinhα(eˆ · pˆ))
, (17)
sin
φ
2
nˆ =
sinh(ω/2) sinh(α/2)(eˆ× pˆ)√
1
2 (1 + coshω coshα+ sinhω sinhα(eˆ · pˆ))
, (18)
where coshα = p0/m, ω = tanh−1 v is the rapidy of the boost [52], eˆ is the unit vector pointing in the direction of
the boost, p is the 4-momenta of the particle in O, and Λp is the 4-momenta of the particle in O′. In addition, φ is
known as the Wigner angle, and is defined by
tanφ =
sinhω sinhα
coshω + coshα
, (19)
which implies that φ ∈ [0, pi/2]. As an example, if the momentum is in the z-direction of the referece frame O and
the boost is given in the x-axis, then
D(W (Λ, p)) = cos
φ
2
I2×2 − i sin φ
2
σy (20)
=
(
cos φ2 − sin φ2
sin φ2 cos
φ
2 ,
)
(21)
where
cos
φ
2
=
cosh(ω/2) cosh(α/2)√
1
2 (1 + coshω coshα)
, (22)
sin
φ
2
nˆ =
− sinh(ω/2) sinh(α/2)yˆ√
1
2 (1 + coshω coshα)
. (23)
Hence, the transformation law for the spin-1/2 particle with momentum ~p along the z-axis of O is given by
|p, 0〉 = |Λp〉 ⊗ (cos φ
2
|0〉+ sin φ
2
|1〉), (24)
|p, 1〉 = |Λp〉 ⊗ (− sin φ
2
|0〉+ cos φ
2
|1〉), (25)
where |0〉 means spin ‘up’ and |1〉 stands for spin ‘down’. Therefore, as one can see, for separable and completely
predictable states, a Lorentz boost will only generate superposition between the possible states of the spin of the
particle, as already noticed in [46].
III. THE LORENTZ INVARIANCE OF COMPLETE COMPLEMENTARITY RELATIONS
In [44], we developed a general framework to obtain complete complementarity relation for a subsystem that belongs
to an arbitrary multipartite pure quantum system, just by exploring the purity of the multipartite quantum system.
To make our investigation easier, we begin by assuming that momenta can be treated as discrete variables [16, 18, 21].
This can be justified once we can consider narrow distributions centered around different momentum values such
that is possible to represent them by orthogonal state vectors, i.e., 〈pi|pj〉 = δi,j . Although narrow momenta are an
idealization, it’s a system worth studying, since it helps understand more realistic systems, and also, it is possible
to approximated continuous momenta as a finite (but large) number of discrete momentum. Also, throughout this
article, we’ll consider only massive particles of spin 1/2. By doing this, we are considering a particular representation
of the Wigner little group. However, the result obtained in this section does not depend on the particular choice of
representation, once the representation is unitary.
So, let’s consider n massive quantons with spin 1/2 in a pure state described by |Ψ〉A1,...,A2n ∈ H1 ⊗ ...⊗H2n with
dimension d = dA1dA2 ...dA2n , in the reference frame O. For instance, A1, A2 are referred as the momentum and
5spin of the first quanton, and so on. By defining a local orthonormal basis for each degree of freedom (DOF) Am,
{|im〉Am}dm−1i=0 , m = 1, ..., 2n, the state of the multipartite quantum system can be written as [53]
ρA1,...,A2n = |Ψ〉A1,...,A2n 〈Ψ| =
∑
i1,...,i2n
∑
j1,...,j2n
ρi1...i2n,j1...j2n |i1, ..., i2n〉A1,...,A2n 〈j1, ..., j2n| . (26)
Without loss of generality, let’s consider the state of the DOF A1, which is obtained by tracing over the other
subsystems,
ρA1 =
∑
i1,j1
ρA1i1,j1 |i1〉A1 〈j1| =
∑
i1,j1
∑
i2,...,j2n
ρi1i2...i2n,j1i2...i2n |i1〉A1 〈j1| , (27)
for which the Hilbert-Schmidt quantum coherence and the corresponding predictability measure are given by
Chs(ρA1) =
∑
i1 6=j1
∣∣∣ρA1i1,j1∣∣∣2 = ∑
i1 6=j1
∣∣∣∣∣∣
∑
i2,...,i2n
ρi1i2...i2n,j1i2...i2n
∣∣∣∣∣∣
2
, (28)
Pl(ρA1) =
∑
i1
(ρA1i1,i1)
2 − 1/dA1 =
∑
i1
(
∑
i2,...,i2n
ρi1i2...i2n,i1i2...i2n)
2 − 1/dA1 . (29)
We showed in [41] that these are bona-fide measures of visibility and predictability, respectively. From these equations
an incomplete complementarity relation, Phs(ρA1) +Chs(ρA1) ≤ (dA1 − 1)/dA1 , is obtained by exploring the mixture
of ρA1 , i.e., 1−Tr ρ2A1 ≥ 0. Now, since ρA1,...,A2n is a pure quantum system, then 1−Tr ρ2A1,...,A2n = 0, or equivalently,
1−
( ∑
(i1,...,i2n)=(j1,...,j2n)
+
∑
(i1,...,i2n)6=(j1,...,j2n)
)
|ρi1i2...i2n,j1j2...j2n |2 = 0, (30)
where ∑
(i1,...,i2n) 6=(j1,...,j2n)
=
∑
i1 6=j1
i2=j2
...
i2n=j2n
+
∑
i1=j1
i2 6=j2
...
i2n=j2n
+...+
∑
i1=j1
i2=j2
...
i2n 6=j2n
+
∑
i1 6=j1
i2 6=j2
...
i2n=j2n
+...+
∑
i1 6=j1
i2=j2
...
i2n 6=j2n
+...+
∑
i1 6=j1
i2 6=j2
...
i2n 6=j2n
. (31)
The purity condition (30) can be rewritten as a CCR
Pl(ρA1) + Cl(ρA1) + Sl(ρA1) =
dA1 − 1
dA1
, (32)
with Sl(ρA1) being the linear entropy of the subsystem A1 given by
Sl(ρA1) :=
∑
i1 6=j1
∑
(i2,...,i2n)6=(j2,...,j2n)
(
|ρi1i2...i2n,j1j2...j2n |2 − ρi1i2...i2n,j1i2...i2nρ∗i1j2...j2n,j1j2...j2n
)
. (33)
Showing that this quantity is really the linear entropy of A1 is straightforward:
1− Tr(ρ2A1) = 1−∑
i1,j1
∣∣∣∣∣∣
∑
i2,...,in
ρi1i2...in,j1i2...in
∣∣∣∣∣∣
2
(34)
=
∑
i1,...,in
ρi1i2...in,i1i2...in −
( ∑
i1=j1
+
∑
i1 6=j1
) ∑
i2,...,in
∑
j2,...,jn
ρi1i2...in,j1i2...inρ
∗
i1j2...jn,j1j2...jn (35)
=
∑
(i1,...,in)6=(j1,...,jn)
|ρi1i2...in,j1j2...jn |2 −
( ∑
i1=j1
+
∑
i1 6=j1
) ∑
(i2,...,in)6=(j2,...,jn)
ρi1i2...in,j1i2...inρ
∗
i1j2...jn,j1j2...jn
(36)
−
∑
i1 6=j1
∑
(i2,...,in)=(j2,...,jn)
ρi1i2...in,j1i2...inρ
∗
i1j2...jn,j1j2...jn
=
∑
i1 6=j1
∑
(i2,...,in)6=(j2,...,jn)
(
|ρi1i2...in,j1j2...jn |2 − ρi1i2...in,j1i2...inρ∗i1j2...jn,j1j2...jn
)
(37)
. (38)
6It is worthwhile mentioning the CCR (32) is a natural generalization of the complementarity relation obtained by
Jakob and Bergou [54, 55] for bipartite pure quantum systems. More generally, E =
√
2Sl(ρA1), where E is the
generalized concurrence obtained in [56] for multi-particle pure states. Now, for the boosted observer O’ of Sec. II,
the same n massive quantons system is described by |ΨΛ〉A1,...,A2n = U(Λ) |Ψ〉A1,...,A2n , and the density matrix of the
multipartite pure quantum system can be written as [57, 58]
ρΛA1,...,A2n = |ΨΛ〉A1,...,A2n 〈ΨΛ| = U(Λ)ρA1,...,A2nU†(Λ), (39)
which implies that Tr
(
ρΛA1,...,A2n
)2
= Tr(ρA1,...,A2n)
2, and the whole system remains pure under the Lorentz boost. As
we used the purity of the density matrix to obtain complete complementarity relation, then, from 1−Tr(ρΛA1,...,A2n)2 =
0, we can obtain
Pl(ρ
Λ
A1) + Chs(ρ
Λ
A1) + Sl(ρ
Λ
A1) =
dA1 − 1
dA1
. (40)
This proves our claim that CCR are invariant under Lorentz transformations. Besides, Eq. (39) remains true for
systems with continuous momenta. Hence, our result remains valid if we apply the CCR for the discrete degrees of
freedom.
IV. RELATIVIST SETTINGS
A. Single-particle system scenarios
We begin by considering three different single-particle states where the particle is moving in two opposing directions
along the y axis and the spins are aligned with the z axis irrespective of the direction of the boost in the reference
frame O:
|Ψ〉 = 1√
2
(|p〉+ |−p〉)⊗ |0〉 , (41)
|Ξ〉 = 1√
2
(|p, 0〉+ |−p, 1〉), (42)
|Φ〉 = 1
2
(|p〉+ |−p〉)⊗ (|0〉+ |1〉), (43)
where |0〉 means spin ’up’, and |1〉 spin ’down’. In addition, |−p〉 is describing the state whose spatial momentum has
opposite direction in comparison with |p〉. It’s worthwhile mentioning that the states |Ψ〉 , |Φ〉 are separable states,
while |Ξ〉 is a maximal entangled state. Moreover, the state |Ψ〉 has maximal coherence in the momentum degree
of freedom, and maximal predictability in the spin degree of freedom. Meanwhile |Φ〉 is maximal coherent in both
degrees of freedom, and |Ξ〉 has no local properties. Now, let’s consider an observer O’ boosted with velocity v in
a direction orthogonal to the momentum of the particle in the frame O, i.e., in the x − z plane, making an angle
θ ∈ [0, pi/2] with the x-axis. Hence, the direction of boost is given by eˆ = cos θxˆ + sin θzˆ, and the Wigner rotation
follows directly
D(W (Λ,±p)) = cos φ
2
I2×2 + i sin
φ
2
(∓ sin θσx ± cos θσz) (44)
=
(
cos φ2 ± i sin φ2 cos θ ∓i sin φ2 sin θ
∓i sin φ2 sin θ cos φ2 ∓ i sin φ2 cos θ
)
, (45)
since ±pˆ = ±yˆ. Therefore, the observer in O’ assigns in general a different state to the same system. For instance,
the state given by Eq. (41) in O’ is described by
|ΨΛ〉 = U(Λ) |Ψ〉 = 1√
2
(|Λ~p〉 ⊗D(W (Λ, p)) |0〉+ |−Λ~p〉 ⊗D(W (Λ,−p)) |0〉) (46)
=
1√
2
(
|Λ~p〉 [(cos φ
2
+ i sin
φ
2
cos θ) |0〉 − i sin φ
2
sin θ |1〉] + |−Λ~p〉 [(cos φ
2
− i sin φ
2
cos θ) |0〉+ i sin φ
2
sin θ |1〉]
)
,
(47)
7(a) Sl(ρΛs) as a function of the Wigner
angle.
(b) Pl(ρΛs) as a function of the Wigner
angle.
(c) Chs(ρΛs) as a function of the Wigner
angle.
(d) Sl(ρΛp) as a function of the Wigner
angle.
(e) Chs(ρΛp) as a function of the Wigner
angle.
Figure 1: The different aspects of the degrees of freedom in the state |ΨΛ〉 for different values of θ.
which in general is an entangled state. The reduced density matrix of the spin (momentum) is obtained by tracing
out the momentum (spin) states
ρΛs = TrΛp |ΨΛ〉〈ΨΛ| =
(
cos2 φ2 + sin
2 φ
2 cos
2 θ − sin2 φ2 sin θ cos θ
− sin2 φ2 sin θ cos θ sin2 φ2 sin2 θ
)
, (48)
ρΛp = TrΛs |ΨΛ〉〈ΨΛ| =
(
1
2
1
2 (cosφ+ i sinφ cos θ)
1
2 (cosφ− i sinφ cos θ) 12
)
. (49)
In Fig. 1, we plotted the different aspects of the degrees of freedom of the quanton for different values of θ. For
instance, if there’s no boost, i.e., φ = 0, the state remains unchanged, regardless the direction of the boost. Also,
if the boost is along the x-axis, θ = 0, the state remains the same. Now, if the boost is along the z-axis, the
entanglement between the moment and the spin of the particle increases with the increase of the Wigner angle. In
exchange, the coherence of the momentum and the predictability of the spin decreases with the φ. Beyond that, for
any θ, φ ∈ [0, pi/2], the complete complementarity relation Phs + Chs + Sl = 1/2 is always satisfied.
Now, the state |Ξ〉 given by Eq. (42) is described in O′ as
|ΞΛ〉 = 1√
2
(
|Λ~p〉 [(cos φ
2
+ i sin
φ
2
cos θ) |0〉 − i sin φ
2
sin θ |1〉] + |−Λ~p〉 [i sin φ
2
sin θ |0〉+ (cos φ
2
+ i sin
φ
2
cos θ) |1〉]
)
,
(50)
while the reduced density matrices are given by
ρΛs = ρ
†
Λp =
(
1
2 i cos
φ
2 sin
φ
2 sin θ
−i cos φ2 sin φ2 sin θ 12
)
. (51)
In this example, by inspecting Fig. 2, if there’s no boost, i.e., φ = 0 the state remains unchanged, regardless
the direction of the boost. Also, if the boost is along the x-axis, θ = 0, the state remains the same. However, for
θ ∈ (0, pi/2] and φ 6= 0, there’s an increase of the coherence of both degrees of freedom, in exchange of the consumption
of the entanglement between the momenta and spin of the particle. In the extreme case where θ = pi/2 and φ→ pi/2,
both degrees of freedom have maximal coherence and the state |ΦΛ〉 becomes separable
|ΞΛ〉φ=θ=pi/2 =
1
2
(|Λp〉+ i |−Λp〉)⊗ (|0〉 − i |1〉). (52)
8(a) Sl(ρΛj), j = s, p, as a function of the
Wigner angle.
(b) Chs(ρΛj), j = s, p, as a function of the
Wigner angle.
Figure 2: The different aspects of the degrees of freedom of the quanton in state the |ΞΛ〉 for different values of θ.
Lastly, in the boosted frame O′, the state |Φ〉 given by Eq. (43) is described by
|ΦΛ〉 = 1
2
(
|Λp〉 {[cos φ
2
+ i sin
φ
2
(cos θ − sin θ)] |0〉+ [cos φ
2
− i sin φ
2
(cos θ + sin θ)] |1〉} (53)
+ |−Λp〉 {[cos φ
2
− i sin φ
2
(cos θ − sin θ)] |0〉+ [cos φ
2
+ i sin
φ
2
(cos θ + sin θ)] |1〉}
)
, (54)
with the reduced density matrices being
ρΛs =
(
1
2
1
2 (cos
2 φ
2 − sin2 φ2 cos 2θ)
1
2 (cos
2 φ
2 − sin2 φ2 cos 2θ) 12
)
, (55)
ρΛp =
(
1
2
1
2 (cosφ− i sinφ sin θ)
1
2 (cosφ+ i sinφ sin θ)
1
2
)
. (56)
In contrast with second example, here the entanglement between the momentum and spin increases with the Wigner
angle, in exchange of the consumption of the coherence of both degrees of freedom. However, for φ = pi/2 the stays
separable
|ΨΛ〉φ=pi/2 =
1
2
(A |Λp〉+A∗ |−Λp〉)⊗ (|0〉+ |1〉), (57)
where A = cosφ2 − i sin φ2 . The coherence and entopy of the momentum has the same qualitative behavior of the spin
plotted in Fig. 3. From these examples, we can stated the following theorem:
Theorem 1. Let be a single-particle quantum state with discrete momentum and spin-1/2. If the state of the system
is separable, and has no superposition between the momentum states in the reference frame O, then a Lorentz boost
cannot generate entanglement between the momentum and spin degrees of freedom.
Proof. Without loss of generality, let’s consider that the state of the system in O is given by |Ψ〉 = ∑σ ψσ |p〉 ⊗ |σ〉,
with
∑
σ |ψσ|2 = 1. Then, after a Lorentz boost, the state is described by
U(Λ) |Ψ〉 =
∑
σ
ψσ |Λp〉 ⊗D(W (Λ, p)) |σ〉 (58)
= |Λp〉 ⊗
∑
σ
ψσD(W (Λ, p)) |σ〉 , (59)
which remains separable.
This result helps explain the reported generation of entanglement between momenta and spin in one of the first
studies of single-particle systems carried out by Peres et al. [11], where they considered a particle with mass m whose
momentum wave function in the rest frame is given by ψ(~p) = (2pi)−3/4w3/2e−~p
2/2w2 , with w being the width of
the wave packet. This is a Gaussian state of minimum uncertainty, but still represents a continuous superposition.
Therefore, it’s possible to generate entanglement due a Lorentz transformation.
9(a) Sl(ρΛs) as a function of the Wigner
angle.
(b) Pl(ρΛs) as a function of the Wigner
angle.
(c) Chs(ρΛs) as a function of the Wigner
angle.
Figure 3: The different aspects of the spin of the quanton in the state |ΦΛ〉 for different values of θ.
B. Two-particle system scenarios
As showed in Sec. IVA, if the momentum states has no coherence, then it’s not possible to generate entanglement
between the momenta and spin degrees of freedom. In this section, we begin by discussing this issue for the two-particle
case and end this section giving two examples. Now, let’s consider a two-particle state described in O as
|Ψ〉A,B =
∑
σ,λ
ψσψλ |p, q〉A,B ⊗ |σ, λ〉A,B , (60)
where
∑
j |ψj |2 = 1, for j = σ, λ. In addition, |p, q〉A,B = |p〉A ⊗ |q〉B denotes the momentum state of particle A and
B, respectively, meanwhile |σ, λ〉A,B = |σ〉A ⊗ |λ〉B represent the state of the spins of the particle A and B. The state
|Ψ〉A,B is separable and has no coherence between momentum states in the reference frame O. Now, in the boosted
frame O′, we have |ΨΛ〉A,B = U(Λ) |Ψ〉A,B , i.e.,
|ΨΛ〉A,B =
∑
σ,λ
ψσψλ |Λp,Λq〉A,B ⊗D(W (Λ, p)) |σ〉A ⊗D(W (Λ, q)) |λ〉B (61)
= |Λp,Λq〉A,B ⊗
∑
σ
ψσD(W (Λ, p)) |σ〉A ⊗
∑
λ
ψλD(W (Λ, q)) |λ〉B , (62)
which is also separable. In this case, the Wigner rotation will only change the coherences of the spin states of the
particles A and B. Now, let’s consider a state in O with superposition in the momentum states of the particle A
|Φ〉A,B =
∑
p
ψ(p) |p, q〉A,B ⊗ |σ, λ〉A,B , (63)
with
∑
p |ψ(p)|2 = 1. Then, a Lorentz boost can generate entanglement between the momentum and spin of the
particle A
|ΦΛ〉A,B =
∑
p
ψσ(p) |Λp〉A ⊗D(W (Λ, p)) |σ〉A ⊗ |Λq〉B ⊗D(W (Λ, q)) |λ〉B , (64)
however there’s no entanglement between particles A and B. Similarly, if we consider that the state in O has coherence
in the momentum states of A and B, there will be no entanglement between particles A and B. To obtain an entangled
state of the whole system in O′, we have to consider a state in O already entangled in the momentum degrees of
freedom, i.e.,
|Ξ〉A,B =
∑
p,q
ψ(p, q) |p, q〉A,B ⊗ |σ, λ〉A,B , (65)
with
∑
p,q |ψ(p, q)|2 = 1. Hence, in boosted frame O′ we have
|ΞΛ〉A,B =
∑
p,q
ψ(p, q) |Λp,Λq〉A,B ⊗D(W (Λ, p)) |σ〉A ⊗D(W (Λ, q)) |λ〉B . (66)
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(a) Sl(ρΛs) as a function of the Wigner
angle.
(b) Pl(ρΛs) as a function of the Wigner
angle.
(c) Chs(ρΛs) as a function of the Wigner
angle.
(d) Chs(ρΛpΛp) as a function of the
Wigner angle.
(e) Sl(ρΛpΛp) as a function of the Wigner
angle.
Figure 4: The different aspects of |ΞΛ〉 for different values of θ.
For instance, if we consider the particles moving in two opposing directions along the y axis and the spins are
aligned with the z axis irrespective of the direction of the boost in the reference frame O
|Ξ〉A,B =
1√
2
(|p,−p〉+ |−p, p〉)⊗ |0, 0〉 , (67)
as before, the observer O’ is boosted with velocity v in a direction orthogonal to the momentum of the particle in the
frame O, i.e., in the x− z plane, making an angle θ ∈ [0, pi/2] with the x-axis. Then, the Wigner rotation is given by
Eq. (45) and the state in the boosted frame is described by
|ΞΛ〉A,B =
1√
2
(|Λp,−Λp〉+ |−Λp,Λp〉)⊗ [(cos2 φ
2
+ sin2
φ
2
cos2 θ) |0, 0〉+ sin2 φ
2
sin2 θ |1, 1〉
− sin2 φ
2
sin θ cos θ(|0, 1〉+ |1, 0〉)] + i cos
φ
2 sin
φ
2 sin θ√
2
(|Λp,−Λp〉 − |−Λp,Λp〉)⊗ (|0, 1〉 − |1, 0〉), (68)
which is an entangled state between all degrees of freedom. In this case, the resource consumed to generate entangle-
ment of the spins of the particles is the bipartite coherence of the reduced momentum-momentum density matrix of
the particles A and B
ρΛp,Λp =
1
2
(|Λp,−Λp〉〈Λp,−Λp|+ |−Λp,Λp〉〈−Λp,Λp|) + 1
2
(cos4
φ
2
+ sin4
φ
2
)(|Λp,−Λp〉〈−Λp,Λp|+ t.c.), (69)
where t.c. stands of transpose conjugated. In Figs. 4(d), 4(e) we plotted the coherence and the linear entropy of
ρΛp,Λp as a function of φ, where Sl(ρΛp,Λp) is measuring the entanglement of ρΛp,Λp as a whole with rest of the degrees
of freedom. Meanwhile, the concurrence measure [59] E of ρΛp,Λp decreases monotonically with Wigner angle, which
means the momentum-momentum entanglement decreases with φ, once E(ρΛpΛp) =
√
2Chs(ρΛpΛp) . In addition,
Figs. 4(a), 4(b) and 4(c) represent the behavior of the different aspects of the spin of particle A. The aspects of the
spin of particle B display similar behavior. It’s worth emphasizing that it is not the entanglement between spin-spin
that increases, but the entanglement of the spin of one of the particles with all the other degrees of freedom. In [8], the
authors discuss the generation of entanglement between spin-spin of two particles under Lorentz boost. Meanwhile,
the momentum state of particles A and B are given by ρAΛp = ρ
B
Λp =
1
2 (|Λp〉〈Λp| + |−Λp〉〈−Λp|), which implies that
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(a) Chs(ρΛs), Sl(ρΛs) as a function of the
Wigner angle.
(b) Chs(ρΛpΛp), Sl(ρΛpΛp) as a function of
the Wigner angle.
Figure 5: The different aspects of |ΥΛ〉.
Sl(ρ
j
Λp) = 1/2, j = A,B, and the overall entanglement between the momentum of particle A (B) with rest of the
system does not change under the Lorentz boost, even though the entanglement of momentum-momentum decreases.
Hence, in this case, the entanglement of the momentum of particle A (B) is redistributed among the others degrees
of freedom. For φ = 0 (no boost), just the momentum of the particles are entangled. In the limit φ = pi/2, the
momentum of the particles are entangled with the spins, therefore the entanglement of momentum-momentum has to
decrease.
In contrast, we also can redistribute entanglement to generate coherence in the spin states of the particles A and
B. For instance, let’s consider the following two-particle states in O
|Υ〉A,B =
1√
2
(|p, 0〉A ⊗ |−p, 1〉B + |−p, 1〉A ⊗ |p, 0〉B) =
1√
2
(|p,−p〉A,B ⊗ |0, 1〉A,B + |−p, p〉A,B ⊗ |1, 0〉A,B), (70)
with the momentum of the particles along the y-axis. Now, for a boosted frame O’ along the z-axis, the Wigner
rotation is given by Eq. (45) imposing θ = pi/2. Hence,
|ΥΛ〉A,B =
1√
2
i cos
φ
2
sin
φ
2
(|Λp,−Λp〉+ |−Λp,Λp〉)⊗ (|0, 0〉 − |1, 1〉) + 1√
2
|Λp,−Λp〉 ⊗ (cos2 φ
2
|0, 1〉
+ sin2
φ
2
|1, 0〉) + 1√
2
|−Λp,Λp〉 ⊗ (sin2 φ
2
|0, 1〉+ cos2 φ
2
|1, 0〉). (71)
Whereas the reduced spin density matrices of each particle are given by
ρAΛs = ρ
B
Λs =
(
1
2 i cos
φ
2 sin
φ
2
−i cos φ2 sin φ2 12
)
, (72)
and ρAΛp = ρ
B
Λp =
1
2I2×2, where I2×2 is the identity. The entanglement of the spin of the particle A (B) with the rest
of the system decreases with the Wigner angle. In exchange, the coherence of the spin of particle A (B) increases, as
shown in Fig. 5(a). In addition, the entanglement of ρΛpΛp as a whole with the spins of the particles also decreases with
φ. From Fig. 5(b), the bipartite coherence increases, since it’s related to the momentum-momentum entanglement of
particle A and B, once E(ρΛpΛp) =
√
2Chs(ρΛpΛp), as we also can see from
ρΛpΛp =
1
2
(|Λp,−Λp〉〈Λp,−Λp|+ |−Λp,Λp〉〈−Λp,Λp|) +
(
2 cos2
φ
2
sin2
φ
2
|Λp,−Λp〉〈−Λp,Λp|+ t.c.
)
. (73)
Hence, the entanglement of the momentum of the particle A (B) with rest of the degrees of the system remains the
same under the Lorentz boost, although it’s shuffled around among the degrees of freedom. For instance, when φ = 0
(no boost), the momentum of particle A is entangled with all the others degrees of freedom. However, in the limit
φ = pi/2, the momentum of the particle A is entangled just with the momentum of the particle B, since∣∣ΥΛφ=pi/2〉A,B = 1√2(|Λp,−Λp〉A,B + |−Λp,Λp〉A,B)⊗ 1√2(i |0〉A + |1〉A)⊗ 1√2(|0〉B − i |1〉B), (74)
and Sl(ρΛpΛp) = 0 for φ = pi/2.
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V. CONCLUSIONS
By using discrete momentum states, in this article we showed that for a spin-momentum product state to be
transformed into an entangled state, it needs coherence between the momentum states. Otherwise, if the momentum
state is completely predictable, the spin-momentum state remains separable, and the Lorentz boost will at most
generated superposition between the spin states, and we stated this fact as a theorem. This helps understanding the
result obtained by Peres, Scudo, and Terno [11] for the continuous case, once they used a Gaussian wave packet as a
model of the momentum states. Beyond that, it’s known the entanglement entropy does not remain invariant under
Lorentz boosts, and neither do the measures of predictability and coherence. However, we showed that these three
measures taken together, in a complete complementarity relation, are Lorentz invariant. This helps understand the
behavior of a quantum system under Lorentz boosts from a new perspective, which we illustrated by discussing several
relativistic scenarios for single and two particle states, showing the exchange of these different aspects of quantum
systems under Lorentz boosts.
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